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Abstract
In this paper we imitate the traditional method which is used cus-
tomarily in the General Relativity and some mathematical literatures to
derive the Gauss-Codazzi-Ricci equations for dimensional reduction. It
would be more distinct concerning geometric meaning than the vielbein
method. Especially, if the lower dimensional metric is independent of re-
duced dimensions the counterpart of the symmetric extrinsic curvature is
proportional to the antisymmetric Kaluza-Klein gauge field strength. For
isometry group of internal space, the SO(n) symmetry and SU(n) sym-
metry are discussed. And the Kaluza-Klein instanton is also enquired.
PACS:03.70;11.15 Keywords: Gauss Codazzi Ricci equation, Kaluza Klein
reduction
1 Introduction
Kaluza-Klein dimensional reduction is a longstanding problem which is followed
with interest by theoretical physicists.[1] It is developed from initial unifica-
tion of gravitational and electromagnetic interactions to becoming the corner-
stone for superstring and supergravity. (see review papers [2][3] and references
therein.) To depict Kaluza-Klein dimensional reduction most authors adopt the
Cartan moving frame that is the vielbein method. Its form is elegant and its
algorithm is rapid. But the well-known Gauss-Codazzi-Ricci equations which
describe a submanifold embedded in a Riemann space are implicit. Perhaps
the role played by Codazzi constraint and Ricci constraint may not clear too.
Alternatively we would like to derive these equations for dimensional reduction
by using the traditional method which is used customarily in the General Rel-
ativity [4][5][6] and some mathematic literatures.[7][8] The geometric meaning
may be more distinct than the vielbein method. As a result we have found the
substitute of so called lapse function[9] and shifted function,[10] that is, instead
of shifted function we have Kaluza Klein gauge potential and instead of lapse
function we have scalar field tensor. Especially, the symmetric extrinsic cur-
vature tensor now is replaced by a mixed tensor which has antisymmetric part
∗peiwang@nwu.edu.cn
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as well as symmetric one. When the metric of lower dimensional space is inde-
pendent of reduced dimensions the tensor is proportional to the antisymmetric
Kaluza-Klein gauge field strength.
The simplest Kaluza-Klein reduction is through the torus,[11][12] consequently,
the isometry group of internal space is U(1)n. But for connecting with physics
the nonAbelian group is more interest. So we try to examine SO(n) symme-
try and SU(n) symmetry. Up to now there are only a few of nonlinear ansatz
for truncations to the massless supermultipletes: DeWit and Nicolai demon-
strated the consistency reduced on S7 from 11-dimensional supergravity to the
4-dimensional SO(8) supergravity.[13] Nastase et al. found a complete solu-
tion for the S4 reduction of 11-dimensional supergravity giving rise to the 7-
dimensional gauged SO(5) supergravity.[14] and a S5 reduction of IIB super-
gravity giving rise to the 5-dimensional gauged SO(6) supergravity was con-
tributed by Cvetic et al.[15] Nevertheless as indicated in ref.[16] the consistency
of these ansatz always work at the level of the equations of motion. Accord-
ing to usual understanding, the actions are equivalent to equations of motion.
But these authors (they called above reduction the Pauli reduction) pointed
out that substituting the ansatz into the higher dimensional action may not
give the correct lower dimensional theory. In this paper we will see the Gauss
equation denotes essentially the reduction relation of action. It may provide an-
other avenues for further investigation. We know SU(n) group is a subgroup of
SO(2n) there may be byproduct when we study the spherical reduction, SU(n)
ansatz can be embedded in the SO(2n) ansatz. Besides, in present theory, the
Gauss-Codazzi-Ricci equations are dependent on Kaluza-Klein gauge potential,
they may be defined in different neighborhood (gauge); moreover, we have yet
to study isometric group SU(n), hence except the Kaluza-Klein monopole we
can also enquire the Kaluza-Klein instanton.
2 Tensor K and vector L,Gauss- Weingarten For-
mula
The standard Kaluza Klein reduction formula from D-dimensional spacetime to
d-dimensional subspace is shown in the following
ds2 = gABdX
AdXB = hαβdx
α dxβ +Nij(du
i +N iαdx
α)(duj +N jβdx
β) (1)
in which Nij = Nji and N
i
α are the generalization of lapse function and shifted
function in General Relativity respectively. Physically they represent scalars
and gauge fields, for Abelian theory N iα = A
i
α, and for nonAbelian case[2][3]
N iα = −ξiPAPα , (2)
ξiP are Killing vectors on (D-d)-dimensional internal space satisfying
ξiP ∂iξ
j
Q − ξiQ∂iξjP = CRPQξjR, (3)
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where CRPQ is the structure constant of isometric group. In imitation of lapse-
shifted method we can introduce the normal vectors
niA = (N
i
α, δ
i
j), n
Ai = (0, N−1 ij), nAi nAj = N
−1
ij (4)
so that
gAB = hAB +Nijn
i
An
j
B, hAB =
(
hαβ 0
0 0
)
. (5)
It is easy to find the inverse metric
gAB = hAB +
(
0 0
0 N−1 ij
)
(6)
where
hAB =
(
hαβ −Nα j
−Nβ i N iαNα i
)
. (7)
Obviously, we have
hABn
B
i = 0 = h
ABniB. (8)
Especially, there are special components of metric h which satisfy
hβα = δ
β
α, h
i
α = −N iα, hiA = hAi = hAi = 0. (9)
We begin by presenting the relation between two metrices
hαβ = h
A
α h
B
β gAB (10)
then we get by differentiating them
Dγ hαβ ≡ ∂γ hαβ −N iγ∂ihαβ
= (Dγ h
A
α )hAβ + (Dγ h
B
β )hαB + h
A
α h
B
β h
C
γ ∂CgAB
= hAα h
B
β h
C
γ ∂CgAB (11)
in the last step we have used the equations (9). Define that
P γαβ =
1
2
hγδ(Dα hδβ +Dβ hαδ −Dδ hαβ) ≡ Γγαβ +Hγαβ , (12)
in which Γγαβ is the Christoffel symbol in d-dimensional subspace, while
Hγαβ ≡ −
1
2
hγδ(N iα∂i hδβ +N
i
β∂i hαδ −N iδ∂i hαβ). (13)
Substituting eq.(11) into eq.(12) we obtain
P γαβ =
1
2
hγδhDδ h
A
α h
B
β (∂AgDB + ∂BgAD − ∂DgAB)
= hγCh
A
α h
B
β
1
2
gCD(∂AgDB + ∂BgAD − ∂DgAB)
3
= hγC(h
A
α h
B
β Γ
C
AB +Dα h
C
β ). (14)
In last equality we have used the ambiguity because of eqs.(9). It is clear that
hγC∇˜α hCβ ≡ hγC(Dα hCβ + ΓCABhAαhBβ − P δαβ hCδ ) = 0, (15)
which tells us that ∇˜α hCβ is proportional to the normal vector fields nCi , hence
we can define tensors Kiαβ by
∇˜α hCβ = KiαβnCi , (16)
this is the Gauss formula in present case. Operator ∇˜α we have introduced is
an operator which operates on the D-dimensional index as well as d-dimensional
index simultaneously.[8] In fact if we define the following operators
∇˜β nCi = Dβ nCi + ΓCBAhBβ nAi , ∇˜β niC = Dβ niC − ΓABChBβ niA; (17)
and
∇˜β uγ = Dβ uγ + P γβα uα, ∇˜β uγ = Dβ uγ − Pαβγ uα. (18)
Operator ∇˜α on hCβ certainly agrees with eq.(15). In an earlier version[17] we
have defined the operator ∇˜α by using ∂α instead ofDα.As a result, both ∇˜α gAB
and ∇˜α hβγ do not vanish, they belong to so called nonmetric connection. As a
matter of fact in lower dimensional space the connection is just the torsion free
linear connection described by Schouten [7]; while in higher dimensional space
it is Yano’s projective connection.[8] Fortunately, when we redefine operator ∇˜α
as present form the metric property of connection is recovered. i.e.
∇˜γ gAB = ∇˜γ hαβ = 0. (19)
From eqs.(14) and (5) we obtain
∇˜α hCβ = Dα hCβ + ΓCABhAα hBβ − P γαβ hCγ
= (δCD − hγDhCγ )(Dα hDβ + ΓDABhAα hBβ )
= Nijn
j
D(Dα h
D
β + Γ
D
ABh
A
α h
B
β )n
Ci. (20)
Therefore
Kαβ i = −1
2
[∂i hαβ +Nij(DαN
j
β −Dβ N jα)]. (21)
If there is nonAbelian isometric group on internal manifold, by means of eqs.(2)and(3)
we get
Kαβ i = −1
2
(∂i hαβ −NijFPαβξjP ), (22)
in which
FPαβ = ∂αAPβ − ∂βAPα + CPQRAQαARβ . (23)
4
Now the geometric meaning of function Kiαβ is quite clear: its symmetric part is
a gradient of metric on submanifold which vanishes if neglect massive particles in
the compactified theory. The antisymmetric part proportional to a Yang-Mills
gauge field, which really can be thought of a kind of ”curvature”. We know
in old Gauss-Codazzi-Ricci theory the corresponding K tensor is a symmetric
extrinsic curvature.
Next, we write down the Weingarten formula
∇˜β niA = hαAhBα ∇˜β niB +NklnkAnBl∇˜β niB
= −hαAniB∇˜β hBα + nkALβ ki
= −hαAK˜βαi + nkALβαi, (24)
in which
K˜iβα = K
j
βαN
−1 i
j , (25)
Lβ ji ≡ NjknAk∇˜β nAi = −1
2
N−1 li (Dβ Njl +Nlk∂jN
k
β −Njk∂lNkβ ), (26)
or
L˜β ij = N
−1 k
i Lβ kj =
1
2
(Dβ N
−1
ij −N−1 li ∂lNβ j +N−1 lj ∂lNβ i), (27)
which satisfies
L˜β ji + L˜β ij = Dβ N
−1
ij , (28)
and for nonAbelian case
L˜β ij =
1
2
Dβ N
−1
ij − (N−1 li ∂lξPj −N−1 lj ∂lξPi)APβ . (29)
3 Gauss-Codazzi-Ricci Equations
From definition of ∇˜α hCβ it is straightforward to calculate the antisymmetric
double derivative of hCβ as follows
hδC(∇˜γ∇˜α − ∇˜α∇˜γ)hCβ
= hδCh
A
α h
B
β h
D
γ RADB
C − Sαγβδ
+hδηN−1
ij
(∂i hαγ + 2Kαγ i)Kβη j (30)
in which RADB
C is the Riemann curvature tensor of higher dimensional space
and
Sαγβ
δ ≡ Dγ P δαβ −Dα P δγβ + P δγη P ηαβ − P δαη P ηγβ
= Rαγβ
δ +N iα ∂iΓ
δ
γβ −N iγ∂iΓδαβ +Dγ Hδαβ −DαHδγβ
+HδγηH
η
αβ −Hδαη Hηγβ + Γδγη Hηαβ + Γηαβ Hδγη
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−Γδαη Hηγβ − Γηγβ Hδαη, (31)
where
Rαγβ
δ = ∂γΓ
δ
αβ − ∂αΓδγβ + ΓδγζΓζαβ − ΓδαζΓζγβ (32)
is the Riemann curvature tensor in lower dimensional space. On the other hand
hδC(∇˜γ∇˜α − ∇˜α∇˜γ)hCβ
= ∇˜α hδC∇˜γ hCβ − ∇˜γ hδC∇˜α hCβ
= N−1ij h
δη(KiαηK
j
γβ −KiγηKjαβ). (33)
Equating right hand sides of (30) and (33) and contracting γ with δ and α with
β we obtain the Gauss equation
hABhCDRADBC = h
αβSαγβ
γ
+hαβhγδN−1ij (K
i
αδK
j
γβ −KiγδKjαβ − 2KiαγKjβδ)
+
1
2
hαβhγδN−1 ij∂ihαγ∂jhβδ. (34)
Because of
hABhCDRADBC = R− 2N−1 ijRij +N−1 ijN−1 klRikjl
= R − hαβhγδN−1 ij [2Kαγ iKβδ j − (Nik∂jNkδ
−1
2
DδNij)(N
k
γ ∂khαβ −Nkα∂khβγ −Nkβ∂khαγ)]
−X(N iα, Nkl), (35)
X(N iα, Nkl) ≡
N−1 ij{hαβ[2DαNkβ∂iNjk + 2Dα(Nik∂jNkβ )− ∂i∂jhαβ
−DαDβ Nij −DαNkβ∂kNij − 2Nkl∂iNkα∂jN lβ]
+
1
2
hαβN−1 kl[Nim∂lN
m
α (3Njn∂kN
n
β
−Nkn∂jNnβ )− 2Nim∂jNmα Nln∂kNnβ
−2Nim(∂lNmα Dβ Njk − ∂jNmα Dβ Nlk)
+
1
2
(3DαNikDβ Njl −DαNijDβ Nkl)− (2∂iNjk
−∂kNij)(2NlmDβ Nmα − ∂lhαβ)]
+N−1kl(∂i∂kNjl − ∂i∂kNkl) + 1
4
N−1 klN−1mn[2∂iNmk(∂lNjn
+∂jNnl − 2∂nNjl) + ∂mNik∂nNjl − ∂mNij∂nNkl
−4∂iNjm(∂lNkn − ∂nNkl)]};
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(36)
and
hαβSαγβ
γ = R + V (hαβ), (37)
V (hαβ) ≡ N iα∂γ hαβ∂ihβγ
+hαβ(∂γ N iγ∂ihαβ − ∂γ N iα∂ihβγ)
+
1
2
Nα i[∂α(h
γδ∂ihγδ)
+hγδ∂α∂ihγδ] +
1
4
hαβ(2Nγ iN δ j
−hγδN iηNη j)(∂ihαβ∂jhγδ
−∂ihαδ∂jhβγ) + hαβhγδ(N iγ∂iN jα∂jhδβ
−N iγ∂iN jδ ∂jhαβ +N iγ N jα∂i∂jhδβ
−N iγ N jδ ∂i∂jhαβ)
+
1
2
hαβ(2N iγ N
j
α∂jhβδ
−N iαN jβ∂jhγδ −N iγ N jδ ∂jhαβ)∂ihγδ, (38)
thus
R = R
+hαβhγδN−1 ij [Kαδ iKγβ j −Kγδ iKαβ j
+
1
2
∂ihαγ∂jhβδ − (Nik∂jNkδ −
1
2
DδNij)(N
k
γ ∂khαβ
−Nkα∂khβγ −Nkβ∂khαγ)]
+X(N iα, Nkl) + V (hαβ). (39)
It is well-known that the Lagrangian of Einstein gravitational equation is
√−gR,
hence, we have to do a conformal transformation first to assure that Gauss
equation represents the Kaluza-Klein reduction of action from D-dimensional
gravitation to d-dimensional gravitation plus matters (gauge fields and scalars).
Since
gAB =
(
hαβ +NijN
i
αN
j
β NijN
i
α
NijN
j
β Nij
)
(40)
from the triangularization of its vielbein form it is easy to realize
det gAB = det hαβdetNij . (41)
Therefore we adopt the following conformal transformation
gAB → gˆAB = (detNij)− 1D−2 gAB. (42)
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We then obtain√
−gˆRˆ =
√
−h[R+ U(detN)]
=
√
−h{R+ hαβhγδN−1 ij [Kαδ iKγβ j −Kγδ iKαβ j
+
1
2
∂ihαγ∂jhβδ − (Nik∂jNkδ −
1
2
DδNij)(N
k
γ ∂khαβ
−Nkα∂khβγ −Nkβ∂khαγ)] +X(N iα, Nkl) + V (hαβ) + U(detN)},
(43)
U(detN) ≡
D − 1
D − 2{D
αDα ln detN − 1
4
Dα ln detN Dα ln detN +N
−1 ij [∂i∂j ln detN
−1
4
∂iln detN∂jln detN +
1
2
hαβ∂ihαβ∂j ln detN
−N−1kl(∂kNil − 1
2
∂iNkl)∂j ln detN ]
+
1
2
hγδ[hαβ(N jα∂jhδβ +N
j
β∂jhδα
−N jδ ∂jhαβ)− 2∂kNkδ +N−1 klDδNkl]Dγ ln detN}. (44)
Equation (43) gives the Lagrangian reduction formula.
Next, we would like to find the Codazzi equation and Ricci equation. Following
definition (17) we have
(∇˜γ∇˜β − ∇˜β∇˜γ)niC
= RDBC
AhBβ h
D
γ n
i
A −
1
2
N−1 ik(Dβ N
j
γ −Dγ N jβ)[(DαNjk
−Nkl∂jN lα −Njl∂kN lα)hαC + (∂lNjk + ∂jNlk − ∂kNjl)nlC ]
(45)
on the one hand, and through the Weingarten formula (24) we know
(∇˜γ∇˜β − ∇˜β∇˜γ)niC
= −(∇˜γK˜iβα − ∇˜βK˜iγα)hαC − (K˜iβαKγαj − K˜iγαKβαj )njC
+(∇˜γLβ ji − ∇˜βLγ ji)njC − (K˜jγαLβ ji − K˜jβαLγ ji)hαC
+(Lγ k
jLβ j
i − Lβ kjLγ ji)nkC (46)
on the other hand. Comparing both expressions we obtain the two equations
immediately. The Codazzi equation is
∇˜βK˜iγα − ∇˜γK˜iβα + K˜jβαLγ ji − K˜jγαLβ ji
−N−1 ikN−1 jl(DαNjk −Nkm∂jNmα −Njm∂kNmα )(Kβγ l +
1
2
∂lhβγ)
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= RDBC
AhBβ h
D
γ h
C
α n
i
A. (47)
After contracting index α with γ we get the following form
∇˜βK˜α iα − ∇˜αK˜α iβ
+K˜α jβ Lα j
i − K˜α jα Lβ ji
−1
2
N−1 kiN−1 lj{Dβ∂kNjl −Dβ∂lNkj + ∂jDβ Nkl + (∂lNkm
−∂kNlm)∂jNmβ + 2∂j(Nml Lβ km)− 2hγα[Kβγ k(Nml Lα jm
+Nlm∂jN
m
α ) + (Kβγ l + ∂lhβγ)(N
m
k Lα jm +Nkm∂jN
m
α )]
−Lβ km(∂jNlm + ∂lNjm − ∂mNjl) + Lβ lm(∂kNjm + ∂jNkm − ∂mNjk)}
= RBAh
B
β n
Ai. (48)
To keep consistency with the Lagrangian reduction we also perform conformal
transformation (42) for Codazzi equation
RˆBAh
B
β n
Ai = RBAh
B
β n
Ai +W (detN) = TBAhBβ nAi, (49)
W (detN)
≡ 1
2
N−1 ij [Dβ∂j ln detN +
1
2(D − 2)Dβ ln detN∂j ln detN
+N−1 ijhγδKβδ jDγ ln detN − 1
2
N−1 kl(Dβ Nlj +Nlm∂jN
m
β
−Njm∂lNmβ )∂k ln detN ].
(50)
In the last step we have used the higher dimensional Einstein equation where
matter field tensor TBA is not equal to zero if D-dimensional spacetime is not
pure gravity. In short eq.(49) gives out a constraint.
Finally, we write down the Ricci equation as following
∇˜γLβ ji − ∇˜βLγ ji + K˜iγαKβαj − K˜iβαKγαj
+Lγ j
kLβ k
i − Lβ jkLγ ki −N−1 ikN−1 lm(∂lNjk + ∂jNlk − ∂kNjl)(Kβγ m + 1
2
∂mhβγ)
= RDBC
AhBβ h
D
γ N
k
j n
i
An
C
k = N
−1 ikRDBjkh
B
β h
D
γ . (51)
A simplest constraint occurs if i=j, i.e. the right hand side of eq.(51) vanishes.
Other constraint works when above Ricci equation is combined with Gauss
equation.
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4 Some examples
4.1 Isometric group SO(n) and SU(n)
Let us consider the isometric group SO(n) first. Thus, a spherical internal space
Sn−1(n = D − d + 1)is suitable for present topic, and the spherical harmonics
will be good instrument.[18][14] The Killing vector can be written as
V IJi = y
[I∂iy
J] ≡ 1
2
(yI∂iy
J − yJ∂iyI). (52)
By using properties of spherical harmonics
yIyI = 1, ∂iy
I∂iyJ + yIyJ = δIJ (53)
and so on, we can show that
∂iV
IJ
j + ∂jV
IJ
i = 0, (54)
and
V IJi ∂
iV KLj −V KLi ∂iV IJj =
1
2
(δJKV ILj − δJLV IKj + δILV JKj − δIKV JLj ), (55)
which is the commutator of so(n) algebra. In this prescription
N iα = −V iIJ (u)AIJα (x) ≡ N Iα∂iyI (56)
N Iα ≡ AIJα yJ = (L · Aα)IJyJ (57)
in which L is the generator of so(n).
If we introduce the scalar field tensor TIJ(x) which was used by authors of
ref.[14] then
Nij = ∆
−1T−1IJ ∂iy
I∂jy
J , ∆ ≡ TIJyIyJ , (58)
and
N−1ij = 2V
IK
i V
JL
j TIJTKL. (59)
Now we find
Kαβ i = −1
2
[∂ihαβ +∆
−1T−1IJ yK∂iy
I(L · F)KJ ]. (60)
(in later ansatz metric hαβ is supposed independent of u) And the metric be-
comes
ds2 = hαβdx
α dxβ
+∆−1T−1IJ [dy
I + (L · Aα)IKyKdxα][dyJ + (L · Aβ)JLyLdxβ ]
(61)
In form, it looks like a D+1 dimensional metric, but with a constraint yIyI = 1.
In fact, by using of these gauge fields and scalar fields the authors of ref.[14]
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found a full nonlinear ansatz truncated to massless fields for 11-dimensional
supergravity reduced to 7-dimensional spacetime through S4 spherical reduc-
tion in which a form field ansatz F(4) guaranteed the consistency. But there is a
Chern-Simons FFA term which makes things a little complicated. Follow closely
another group of authors found a full nonlinear ansatz for 10-dimensional IIB
supergravity reduced to 5 spacetime on S5 which is particularly relevant for
AdS/CFT correspondence.[15] In this ansatz except the 10-dimensional gravi-
tation we have a selfdual 5 form field. By means of this example we may use
D=10 to d=5 Gauss equation to reduce the system
L =
√
−gˆ(Rˆ(10) −
1
5!
GABCDEG
ABCDE) (62)
in which ansatz G(5) is given in [15] (let coupling constant g=1)
Gαβγδǫ = −Uǫαβγδǫ
+T−1IJ ǫαβγδηDη T JKyK(L · Aǫ)ILyL
−1
2
T−1IKT
−1
JL ǫαβγηζ(L · Fηζ)IJ [(L · Aδ)KMyM (L · Aǫ)LNyN
−(δ ↔ ǫ)]
(63)
Gαβγδ i
= T−1IJ ǫαβγδηDη T JKyK∂iyI − T−1IKT−1JL ǫαβγηζ(L · Fηζ)IJ(L · Aδ)KMyM∂iyL
(64)
Gαβγ ij = −T−1IKT−1JL ǫαβγηζ(L · Fηζ)IJ∂iyK∂jyL, (65)
where
U ≡ 2TIJT JKyIyK −∆T II , ∆ ≡ TIJyIyJ , (66)
(L · F)IJ = d(L · A)IJ + (L · A)IK ∧ (L · A)JK , (67)
Dα TIJ = ∂α TIJ + (L · Aα)IKTKJ + TIK(L · Aα)KJ . (68)
Following the ordinary logic, to substitute 10-dimensional formula(43) into (62)
we ought to gain the 5-dimensional Lagrangian, i.e. the L5 in ref.[15]. How-
ever, gazing at eq.(43) it seems difficult to get the expectant result. In view of
demonstration of consistency of known ansatz is only at the level of equations
of motion, it needs more effort for checking ansatz with action. Because the
calculation is complicated, so we prefer to let them for further investigation.
Moreover, we need energy-momentum tensor for Codazzi constrain
TAB = − 1
4!
(GACDEFGB
CDEF − 1
10
gˆABGABCDEG
ABCDE). (69)
Next,we examine isometric group SU(n). Since SU(n) is a subgroup of SO(2n),
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we may still use the spherical harmonics to describe metric and others. LetT be
the SU(n) generator in 2n-dimensional representation, and t in basic represen-
tation. To characterize Kaluza-Klein reduction for isometric group SU(n) what
we have to do is to change SO(n) generator L to SU(n) generator T. Especially
we now have
N Iα = (T · A)IJyJ . (70)
Because the number of spherical harmonics is even, we may arrange them in
pair. Let a = i, · · · , n be the first half of I, we choose that
za = ya + iya+n, (71)
and
(t)ab = (T)ab + i(T)a+n b, (72)
where
(T)ab = (T)a+n b+n, (T)a b+n = −(T)a+n b, (73)
so that
Naα ≡ N I=aα + iN I=a+n ≡ ℜNaα + iℑNaα (74)
= (T · A)aIyI + i(T · A)a+n IyI = (t · A)abzb. (75)
Two special examples are (i) SU(2)
t =
1
2i
τ, τ ∼ Pauli matrix, (76)
T =
1
2
Σ, Σ1 = L14 +L23, Σ2 = −(L34 +L12), Σ3 = −(L24 +L31); (77)
(ii) SU(3)
t =
1
2i
λ, λ ∼ Gell−Mann matrix, (78)
T =
1
2
Λ, Λ1 = L15 + L24, Λ2 = −(L12 + L45), Λ3 = L14 − L25, (79)
Λ4 = L16 + L34, Λ5 = −(L13 + L46), Λ6 = L26 + L35, (80)
Λ7 = −(L23 + L56), Λ8 = 1√
3
(L14 + L25 − 2L36). (81)
Suppose that the scalar tensor TIJ keeps in real and possesses block diagonal
form. The subset of ”SO(2n) metric” (61) becomes
gAB =

 hαβ +∆−1T
−1
ab [
ℜNaα
ℜN bβ +
ℑNaα
ℑN bβ] ∆
−1T−1ab
ℜN bα ∆
−1T−1ab
ℑN bα
∆−1T−1ab
ℜN bβ ∆
−1T−1ab 0
∆−1T−1ab
ℑN bβ 0 ∆
−1T−1ab


(82)
and A(α, a, a), B(β, b, b) = 1, · · · , D+1(= d+2n). Obviously, they are equivalent
to
ds2 = hαβdx
α dxβ +∆−1[dza + (t · A)aczc]† T−1ab [dzb + (t · A)bdzd] (83)
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with constraint
za† za = 1. (84)
In above IIB supergravity ansatz it seems that an SU(3) isometric group ansatz
can be embeded in it.
4.2 Kaluza-Klein monopole and instanton
Because that the Gauss-Codazzi-Ricci equations depend on gauge potential A,
we have pointed that these equations may be set up in distinct neighborhoods.[17]
For 11-dimensional Kaluza-Klein monopole the metric is denoted as
ds211 = e
−
φ
6 ds210 + e
4φ
3 (dx10 +A±)2, (85)
and
ds210 = e
φ
6 dxµ dxµ + e
−
7φ
6 ds23, µ = 0, · · · , 6 (86)
ds23 = dyidyi = dr
2 + r2dθ2 + r2sin2θ dϕ2 r =
√
yiyi, i = 1, 2, 3 (87)
in which φ is a dilaton and gauge fields will write in the Wu-Yang gauge[19]
A± = Qm
2r(y3 ± r) (y1dy2 − y2dy1) =
1
2
Qm(±− cosθ)dϕ, (88)
F2 = 1√−h
Qm
r2
∗ (d7x ∧ dr) = Qm
2r3
ǫijkyidyjdyk = dA±. (89)
These construct a monopole bundle over base spaceS2 with fiber U(1).
As for instanton we have to look for a fiber bundle over base space S4 with fiber
SU(2). Starting from eq.(75) we set t = 12iτ then we need to take a S
4 part out
of the d-dimensional metric . It would be better to choose the polar coordinates
of 5-dimensional de Sitter space with radius a/2[20]
ds24 = [dr
2 + r2(σ21 + σ
2
2 + σ
2
3)]/(1 +
r2
a2
)2 (90)
in which
σi =
1
r2
(xidx0 − x0dxi + ǫijkxjdxk), r2 = xµ xµ µ = 0, 1, 2, 3. (91)
The gauge potential of BPST instanton will be
1
2i
τ · A(+)µ =
r2
r2 + a2
iσ · τ = −i σµνx
ν
r2 + a2
, (92)
in ”north” hemisphere of S4; and
1
2i
τ · A(−)µ =
a2
r2 + a2
iσ · τ = −i a
2σ¯µνx
ν
r2(r2 + a2)
(93)
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in ”south” hemisphere of S4, where
σij = σ¯ij =
1
2
ǫijkτk, σ0i = −σ¯0i = 1
2
τi, σµν = −σνµ. (94)
The field strengthes are
F (+) = 2ia
2τk
(r2 + a2)2
(dr ∧ rσk + 1
2
r2ǫkijσi ∧ σj), (95)
F (−) = hF (+)h−1, h = t− ix · τ
r
. (96)
Of course, we can also use the t’Hooft or Jackiw-Nohl-Rebbi multiple instanton
solution or other instanton solution.
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